The Newtonian definition of the mass-centre can be generalized to the restricted theory of relativity in several ways. Three in particular lead to fairly simple expressions in terms of instantaneous variables for quite general systems. Of these only one is independent of the frame in which it is defined. It suffers from the disadvantage that its components do not commute (in classical mechanics, do not have zerq Poisson brackets), and are therefore unsuitable as generalized co-ordinates in mechanics. Of the other two, one is particularly . simply defined, and the other has commuting co-ordinates. Tlie Poisson brackets can be derived from quite general considerations because the various mass-centres are expressible in terms of integrals of the energy-momentum tensor which are directly connected with the such as are current for elementary particles, where a co-ordinate observable does not exist, but an energymomentum tensor does, and furnish the nearest approach possible to such observables. They are applied to electrons, particles of spin 0 and ft (scalar-and vector-meson theories), and to photons.
In Newtonian mechanics the concept of the mass-centre or centre of gravity is simple and unambiguous. This is by no means the case in relativity mechanics, where a number of generalizations of the Newtonian definition offer themselves, none of which, however, completely reproduces the simple properties of the Newtonian mass-centre. In classical mechanics the uniform motion of the mass-centre of a free system is an expression of the conservation of momentum, and takes its simplest form when the forces are assumed to act instantaneously. When, as in relativity mechanics, this cannot be assumed, account must be taken of the momentum resident in the field through which the interactions are propagated, and this compli cates the problem. But this is not the only difficulty, and even for so simple a system as two non-interaCting particles, for which no field momentum need be considered, there appears to be no wholly satisfactory definition of the mass-centre.
The question does not seem to have been much studied in the literature of re lativity. The most comprehensive treatment of which I am aware is by Fokkerf (1929) ; a note by Bom & Fuchs (1940) discusses the difficulties but does not give a satisfactory definition of the mass-centre; while Eddington in his Fundamental Theory (1946) assumes the existence of a mass-centre without comment.
The following generalizations of the Newtonian definition suggest themselves: (a) Taking rectangular axes in a Galilean frame of reference, the co-ordinates of the mass-centre are defined as the weighted means of the co-ordinates of the several particles, the weights being the rest-masses of the particles. This is the definition used by Eddington in discussing the theory of the hydrogen atom, and it is commonly used in discussing the two-body problem in relativity. The mass-centre so defined is not independent of the Galilean frame, nor has it in genera f I am indebted to Professor Max Bom for bringing Fokker's work to my notice. [ 62 ] infinitesimal operators of the group of Lorentz transformations.
The definitions are readily applicable to a single particle in theories, th e property of being a t rest in a frame in which th e to tal m om entum is zero. I f the particles interact with one another it will n o t in general move uniformly in a straight line.
(6) Definition (a) is first applied in a frame of reference in which the to tal mo m entum is zero, and the result is then translated to any other frame by a Lorentz transform ation.
The world line so defined is certainly independent of the final frame of reference, b u t is not in general rectilinear, nor a t rest in the frame in which the to tal mom entum is zero. The expression for the co-ordinates of the mass-centre, in term s of th e in stantaneous co-ordinates of the several particles in an arb itrary frame, is a compli cated one even for free particles, and I have been unable to find a generalization of it for interacting particles.
(c) The co-ordinates of the mass-centre in a particular frame of reference is defined as the mean of the co-ordinates of th e several particles weighted with their dynam ical masses (energies). This is the case studied by Fokker. The mass-centre of free particles so defined is a t rest in a frame in which the to tal m om entum is zero, and the definition can simply be generalized to particles interacting through a field, provided space-time is assumed to be Galilean. B ut the definition is n o t independent of the frame of reference. Also, while in Newtonian mechanics the Poisson brackets of the co-ordinates in two different directions of the mass-centre is zero, here it is not so.
(d) Definition (c) is first applied in a frame in which the to tal mom entum is zero (and hence the mass-centre is a t rest), and the result then translated to an arbitrary frame by a Lorentz transform ation. This is w hat Fokker calls the 'invariant m ass-centre' (Fokker 1929, p. 171) . As in definition (6) the world line defined in this way is independent of the final frame of reference. F or free particles, moreover, it can be simply expressed in term s of the instantaneous co-ordinates in an arb itrary frame, and the definition is easily general ized to particles interacting through a field. On the other hand, the Poisson bracket of different co-ordinates does not in general vanish.
(e) I t is sometimes convenient to define a mass-centre the co-ordinates of which, taken in pairs, have vanishing Poisson bracket. While definition (a) fulfils this con dition, and is frequently the most convenient, it cannot be generalized for fields in the sense of § 5. I t can be shown th a t the mean of the co-ordinates defined by (c) and (d), weighted with the total energy and the rest mass of the to tal system respectively, also satisfies the condition.
The mass-centre so defined is a t rest in a frame in which the total momentum is zero, b u t is not independent of the frame in which it is defined.
(/) I t would also be possible to try a definition for free particles similar to (6), b u t taking the frame in which the mass-centre defined by (a) is a t rest, instead of one in which the total momentum is zero. There seems to be little m erit in this, as the time axis of such a frame is determined by an algebraic equation of a degree which in creases with the num ber of particles, and the definition leads to no simple results.
Of these definitions (d) seems to be the most satisfactory, as it is relativistically co variant and is applicable to any system of particles interacting through a field or to a more general system described by a field. In the work th a t follows (c) and (e) are also of interest and will be discussed in some detail. Definition (a) certainly gives a useful auxiliary variable in such applications of relativity mechanics as the twobody problem, b u t calls for no further comment. Definitions (b) and (/) seem to have little value.
In w hat follows I have assumed a flat (Galilean) space-time. I have made no attem pts to generalize to curved space-time as it seems to me improbable th a t the attem p t would meet with any success.
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Consider first a system composed of free (classical) particles. Let the co-ordinates of the ith particle be denoted by z\, and its energy-mom to tal energy-momentum vector, being denoted by P*". The indices p run from 0 to 3, and the metric tensor g^, is taken as g00 -grn = --= 1, w ith the velocity of light taken as unit.
Definition (c) then defines a mass-centre qfl given by
I t m ust be remembered th a t z>\ stands for a one-param eter set of points, the w orld line of the particle, and the value to be set into (2-1) is th a t corresponding to a given tim e t, i.e. z® = t for all the particles. This then gives as a function o it. q° is of course equal to t.
Introducing the energy-momentum tensor of an assembly of free particles, The right-hand side of (2-3), not being independent of the region of integration (a:0 = t), is not a tensor. B u t th e anti-sym m etrical combination
because its integrand satisfies a differential equation of conservation, is independent of the integration region (and hence of t) and is therefore a tensor. This enables one to write the equation (2-3) for q*1 as
The constancy of P^ and shows th a t the velocity of the mass-centre so defined is
showing th a t the world-line is rectilinear and parallel to P !\ and hence th a t its direction in space-time is independent of the frame in which it is defined. Equation (2-6) can be applied to any field system possessing an energy-momentum, tensor, and may be taken as defining its mass-centre. I t can also be applied to a system of particles interacting through a field, thereby removing the original limitation to free particles. Equation (2*6) gives the co-ordinates of the mass-centre defined a t time t, in the frame of reference to which the indices y refer. One can easily extend it, however, to give the co-ordinates, referred to this frame, of the mass-centre defined in another frame, a t time s, say. Let the direction of the time-axis of the new frame be given by the unit vector = 1 ), and denote the point obtained by applying the defini tion in this frame by <^(n, s). One then has
To compare this with the definition of q? contained in equation the point on the world-line (2-8) whose time-co-ordinate in the original frame is t. That is to say, one has to solve the equation q°(n, s) = t for s and substitute the value in (2*8). Let this point be called ^(n ). Then , . tP/1 (2-9) which reduces to (2*6) for wP -(1,0,0,0). I f the definition (c) were independent of the frame of reference then (2*9) would be independent of W*. I t is evident th a t this is not so, unless it so happens th at the tensor M^P * -M^P*1 is a multiple, say independent of v, of P v. This may happen for particular systems (e.g. a single spinless particle), or for particular states of a system, but it will not be so in general.
One may use the result embodied in (2-9) to apply definition (d), by substituting Ppjm for w/, where m is the rest-mass of the system as a whole, defined by P pPp = m2.
(2*10)
Denoting the mass-centre according to definition (d) by one obtains
which, in spite of its appearance, is relativistically covariant.
At this stage it is convenient to use three-dimensional notation, using Roman indices to run from 1 to 3. One introduces the vector N, defined by N k is xk T 00 dx1 dx2 da;3, While N does not contain the time t explicitly in its definition and M k0 does, N varies with time and M k0 does not. The other components M 23, M 12 are the components of the angular momentum of the system as a whole. The symbol will now be used for the total energy P°. Equation (2-6) for q ? can be w ritten in vector notation as
Equation (2-11) for Xp can be w ritten (remembering th a t -components of a vector in the three-dimensional sense are those w ith upper indices)
where a stands for a vector product. I t will be noticed th a t t no longer enters ex plicitly into these expressions. I t is also convenient to define two ' inner angular m om enta ' by subtracting from the total angular mom entum M the vector product of q or X w ith P, which m ay be regarded as a kind of angular mom entum of mass motion. These will be called S and
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The points X and q do not in general coincide, b u t they travel in parallel straight fines a t a constant distance, and it is of some interest to evaluate their vector difference. From (2-14), (2-15), (2-16) and (2* 17) one finds X -q = w 2S a P = P _2P a 2 .
(2-18)
There is also a simple relation between S and 2 , namely,
ra2Z = E 2S -( S . P) P,
E 2S = ra2Z + (Z .P )P , and the relation, directly deducible from (2-16) and (2*17),
S .P = 2 . P = M .P . (2-21)
2 is p a rt of the anti-sym m etrical tensor
the remaining components 2^'° forming the space-vector P a 2 /P . S, on th e other hand, is not p art of a tensor. 3
. T h e P o i s s o n b r a c k e t r e l a t i o n s
The ten quantities P fl, M>-lv are connected w ith the infinitesimal operators of the inhomogeneous Lorentz group in such a way th a t their Poisson brackets writh any dynam ical variable of the system gives the change in th a t variable due respectively to a translation and a rotation in space-time. F or instance, th e change in any dynam ical variable £ corresponding to a time-like displacement of the co-ordinate system is [£, E] d t; similarly the change in £ arising from a rotation dd about the 2-axis is [£, M z] dd. Applying this to the case where £ is itself one of the components of P*1, M*a', whose transform ations under changes of the co-ordinate system are already known, it follows th a t th e Poisson bracket of any pair of the components of p n Mpv jg determ ined by the structure of the Lorentz group, independently of th e n ature of the system being studied, provided it is free from external influence.
The Poisson bracket relations can be summarized as follows, using a notation in which Px, Py, Pz stand for th e components P 1, P 3, etc.:
[NziPz] = E, [Nx,Py] Since q, X, S and Z are completely defined in term s of the above quantities, their Poisson bracket relations m ay be derived from (3*1). Those of q and S have been studied in a somewhat similar connexion by Born & Infeld (1935) . The brackets w ith the components of P express the fact th a t q is a position vector and S a vector inde pendent of the choice of origin, so th a t under a translation dx in th e ^-direction,
f e ,P J = 1. f e . P J = 0, etc., [S ,P ] = 0.
(3-2)
The Poisson brackets w ith E give th e tim e derivatives,
The mass-centre in relativity (3*4) W ith M they express th e fact th a t q and S transform as vectors under a rotation;
The Poisson brackets involving components of q and S together are (cf.
Equations entirely analogous to (3T) to (3*4) can be derived with X and Z re placing q and S. The equations corresponding to (3*5) are easily derived; they are
One may also mention th e fact th a t th e Poisson brackets of X w ith N express the fact th a t X(£) is the intersection of an invariantly defined world-line w ith a time-
T h at these equations are characteristic of the co-ordinates of an invariantly defined world-fine in general is shown in the appendix. The Poisson brackets of q w ith N, however, do not in general conform to (3-7), in accordance with the fact th a t the world-fine determined by q is not independent of the co-ordinate system. They are
The condition for (3*8) to conform to (3*7) is th a t S shall vanish; in which case q is identical w ith X.
The foregoing results have been stated in term s of classical mechanics. They can be taken as applying in quantum theory if products such as are replaced by the symmetrical form + NJ57-1); no am biguity arises from the order of factors in expressions such as occur in (3*7), for such quantities as \(E~xPxX + XPxE~1) and %(E~1XPx + PxXE~1) can be proved to be'equal by virtue of the general relation (cf. Born & Infeld 1935, p. 149) [Pi1, [P", J f^] ] = 0.
(3-9)
Poisson bracket relations of course become com m utation relations. The q u an tity in, defined as +^J(E2 -P 2), commutes with all the quantities occurring in the work and m ay therefore be treated as a c-number.
. T h e m a s s -c e n t r e a c c o r d i n g t o d e f i n i t i o n (e)
N either q nor X are suitable as generalized co-ordinates for applying the m ethods of analytical mechanics or wave mechanics, since the Poisson brackets of different components do not vanish. One may, however, define as follows a third vector 4 which does not suffer from this disadvantage,
I have studied this vector in another connexion (Pryce 1935) . The proof th a t the Poisson brackets of different components of q vanish is straightforw ard and need not be repeated here. Like q, q depends on the frame in which the definition is applied.
Analogously to S and Z one m ay define S by S = M -q a P.
I t obeys the following Poisson bracket relations
(4 -2 ) [S, qj = o, These are the relations satisfied by inner or spin angular m om entum in elem entary theories of particles (e.g. P auli's theory of electron spin).
. A p p l i c a t i o n t o t h e q u a n t u m t h e o r y o f e l e m e n t a r y p a r t i c l e s
The present theories of elem entary particles are field theories describing more readily the behaviour of an indefinite num ber of particles th an of a single particle.f I f one confines oneself to free particles, ignoring the interaction w ith other types of field, the num ber of particles of a definite electric charge is then a constant of motion, invariant under Lorentz transform ation. U nder these conditions it is legitim ate to speak of observables associated w ith individual particles; th e mom entum , energy and charge of a particle are readily recognized as such observables when studying the field equations.
This cannot be said, however, of the position (i.e. the co-ordinates) of a particle. In elem entary wave mechanics the co-ordinate of a particle is connected w ith the operation of m ultiplying th e wave function i/r(x, y, by x, y, z. In the field theories describing elem entary particles one can select wave functions describing a particle of given charge, b u t the functions obtained by m ultiplying them by x, y, z do n o t in general describe a single particle. M ultiplication by x, y, z does not, therefore, correspond to an observable belonging to a single particle (at a specific time, in the ' non-relativistic ' sense).
On the other hand, an energy-momentum tensor is defined in all the theories, and since the num ber of particles of given charge commutes w ith P*1 and M^, one can use the definitions ju st studied to define the mass-centre of a num ber of particles.. In particular one can define the mass-centre of a single particle. For a classical particle this would coincide w ith the position of the particle itself. For the elementary particles described by th e quantum field theories the result m ay be taken as the nearest approach to a definition of the position th a t can be obtained; in particular, except for particles of spin 0, it does not seem to be possible to find a definition which is relativistically covariant and a t the same time yields commuting co-ordinates.
One of the simplest applications of § 5 is to the relativity theory of the electron, which is formally a one-particle theory. Denote the H am iltonian by t W h en due regard is p a id to th e p o sitio n in te r p r e ta tio n o f n e g a tiv e en erg y s ta te s th is is also th e case in th e th e o r y o f th e e lec tro n , a lth o u g h fo rm a lly a o n e-p a rticle th e o r y ap p ears th e sim p lest.
. A p p l i c a t i o n t o t h e e l e c t r o n
H = a.p + a, /? being the Dirac operators, p the mom entum ; and define E = p2)*.
Then only those wave functions ijf describe a real electron which satisfy Hxjr = ( 6-2) (6-3) th a t is, which belong to the linear manifold corresponding to positive eigenvalues of H. Only those operators which operate within this linear manifold are admissible as electron observables in the sense of § 5. Similarly, only those operators which operate within the manifold of negative-energy states are admissible as positron observables. One can combine the two in a symmetrical way by considering operators which, operating on a positive energy state convert it into a positive energy state, and operating on a negative energy state convert it into a negative energy state; in other words, operators which commute w ith H jE . Such operators are one-particle observables, the particle being either definitely an electron or definitely a positron. The operators p, E and H are observables in this sense; for electrons E and H m ay be used indiscriminately; for positrons E and -H are equivalent and equal to th e energy, while the mom entum is -p (positrons being associated w ith holes in the distribution of negative energy states). The operator x corresponding to m ultiplying ^(x ) by x, and the operators a, /? and the spin a ( --a a), on the other hand, are not observables.
For a single electron one can form w ithout having to introduce the energymom entum tensor of the electron field. The space-like p art is They are observables, since they are the infinitesimal operators of the Lorentz group and equation (6-3) is Lorentz invariant. Alternatively, one m ay verify directly th a t they commute with H jE .One can im m ediately define q, X and q in term s M and N from equations (2-14), (2-15) and (4-1), provided th e products in them are w ritten in a symmetrical way, and hence in term s of x, p, a and /?. In applying these equations to electrons it is im m aterial whether one writes or for the energy, but a more symmetrical form ulation applicable also to positrons will result if one uses H in equations (2-14) and (2-15), and E in equation ( I t will be noticed th a t the observables <i, P-H /E and § satisfy the same com m uta tion relations among themselves as do th e (non-observable) operators x, p, /? and \ho. This suggests th a t it should be possible to find a canonical transform ation connecting th e two sets. I t is in fact easily verified th a t th e transform ation induced by the self-reciprocal u n itary operator
relates the two sets, i.e. q U = U x, etc.
I t is thus possible to transform from a wave mechanical representation in which x is diagonal, as usually employed in dealing w ith D irac's equation, to one in which th e observable q is diagonal. The projection operators of the linear manifolds of states of positive and negative energy are
R+ = | ( i + H / E ) ,= respectively. If A is any operator then
A + = R +A R +, (6) (7) (8) (9) (10) (11) are operators operating entirely within the linear manifolds of positive and negative energy states respectively, and are therefore one-electron and one-positron observ ables. Their sum * , Ap = A + + A_ = 2\ +E^ is a one-particle observable in the sense ju st discussed, and m ay be called th e 'observable projection' of A . In this sense q is the observable projection of x, of a, and S of \hts. I t will be rem arked th a t the algebraic relations holding between operators do not hold between their observable projections. For instance, the components of x commute, while those of q do not; and the components of a anticomm ute, while those of commute.
I t m ay also be rem arked th a t for operators A which commute w ith E, such as p, a and a, the observable projection is identical with their time average, calculated according to
Thus pjH is the average of a, the velocity in the ' Zitterbew egung', and S of the spin. The 'Zitterbew egung' is n ot observable in this sense, and the observable motion of an electron is quite smooth.
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Relativistic theories of particles of integral spin have been extensively studied (Pauli & Weisskopf 1934; Dirac 1936; Kemm er 1938 Kemm er , 1939 B habha 1938 , and m any others). Of the authors quoted only Dirac starts from a formal one-particle theory, and then only from the point of view of the wave equation and abandoning some of the features of the usual transform ation theory of quantum mechanics. The others s ta rt from a theory of quantized fields, b u t Kemm er (1939) has also discussed th e relation between the quantized field theory and a formal one-particle theory. For the present purpose the notation introduced by him is particularly suitable as it is capable of describing particles of spins 0 and h w ith the same formalism.
The starting-point is a field q u an tity T (x ), having five or ten components re spectively, which for charged particles is a complex quantity. I t is th e sum of an annihilation operator of positively charged particles and a creation operator of negatively charged particles. where A is any linear operator,! represent, under certain conditions, the sums of one-particle observables A , over all the particles in the assembly (and therefore commute w ith the num ber of particles). More generally they have additional term s representing the creation and annihilation of pairs of oppositely charged particles, b u t w ith the operators A to be considered in this paper these la tter vanish. One m ay associate a wave function ^(x ), satisfying the same wave equation (7*1), w ith a state of a single particle, and associate linear operators on i/r(x) w ith oneparticle observables. From equation (7-1) it follows th a t there are certain conditions restricting ^(x ) a t a specific time, so th a t not every wave function is admissible. I t is this fact which modifies the application of quantal transform ation theory. These restrictions can be w ritten in the form of a single equation (Kemmer 1939, equation where
Here, following Kemm er, /?4 stands for i/?° and is a H erm itian m a trix ; Roman indices run from 1 to 3. The operator Q is idem potent, Q2 = Q-(7-6) W ith the help of equations (7*1) and (7*4) th e rate of change of can be w ritten in th e form -, where H f , H = m^ + ykpk,
N ot all wave functions satisfying (7-4) represent a state of a single physical particle; in general such a wave function is associated p artly w ith the state of a positively charged particle and p artly w ith the state of a negatively charged particle. The condition for it to represent a state of only one particle is Hx}r = ± E^jr, (7*10)
Ebeing given by (6-2) and th e sign corresponding to the charge. (For the negative sign it is the complex conjugate of tfr th a t is linearly re Only operators which operate w ithin the linear manifold defined by (7-4) and (7*10) simultaneously are to be regarded as one-particle observables. Operators which operate within the bigger manifold defined by (7*4) alone will be called oneparticle observables.
I f ifr is any wave function, n o t necessarily satisfying (7*4) then (1 -does satisfy (7-4), by virtue of (7*6); moreover if ifr does satisfy (7-4), then (l-Q )iJ r is identical w ith ^r. I t follows th a t the condition for to be a formal one-particle
Two operators A and*R have the same effect on all i/r's satisfying (7-4), and therefore represent the same observable, if
A(l-Q) = B(l-Q).
This will be w ritten A~ B. A formal observable A is also a physical observable if
The following identities are quoted for future reference.
H2~E \
Hyk~pk.
(7-12) (7*13) (7-14)
(7*15) (7-16) (7*17)
One needs to know the connexion between the operators A , representing oneparticle observables in this sense, and the operators A in equation . For the present purpose K em m er's discussion needs amplification. As the wave function is not directly related to quantal transform ation theory one m ust be prepared for some am biguity in the connexion. The problem m ay conveniently be attacked by con sidering the Poisson bracket, C, of two observables A and One then has
The left side can be evaluated if one knows the commutation rules for T * and T*. These are given, apart from a factor of proportionality, by the quantized field theory, and are, with a suitable choice of this factor,
Y(x) Y*(x') -Y*(x') Y(x) = ( A -^7 * g J i )^( x -x ' ) . (7-19)
In this equation the products of th e many-component T 's are to be understood as outer products, equivalent to m atrices: th e right side is the m atrix representative of the operator H /m . E quation (7-18) can therefore be w ritten The two are related by canonical transform ation and therefore algebraically equivalent. A slight disadvantage is th a t if A is H erm itian, A in general is not. This could have been avoided by taking A ~m~1H iAH (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) if H had possessed a real square root. On th e other hand for physical one-particle observables, for which H is equivalent to Eo r -E , ac lation effectively equivalent to (7*22c) is given by A~m -1E~iH A E i , (7-22 or A~m -1E iA H E -i . (7-22e) F or the present purpose it is convenient to take (7-22a) as this autom atically ensures th a t A satisfies (7*11) ((7-22d) also does this), and is simple.
The converse of (7*22 a )may be w ritten A = p iA .
(7*23) F or if one starts with A and forms A by (7*22a), and then calculates a new A , say A ', by (7-23) one obtains j , _ which gives the same as A when substituted in an expression of the form (7*3), since xF*m-y?4# = T * , (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) by virtue of the adjoint of (7T5) and of (7*4) applied to X F. Conversely, if one starts w ith A and forms A by (7*23), and then forms A again by (7*22a), one obtains m rxR($xA , which is equivalent to A by virtue of (7-15) and (7*11). E quation (7-23) makes K em m er's prescription for calculating the expectation value of an observable formally analogous to (7*3), w ith ^ replacing V F ; and throws light on th e am biguity concerning the order of the factors /?4 and A discussed by him (Kemmer 1939) . For the purpose of finding the mass-centre observables it is necessary to form the energy-m omentum tensor. W ith the norm alization of (7*19) it is given by (Kemmer 1939, equation (19) )
whence, using the algebraic properties of the /?'s T 00 = (7-27)
T ok = wxp**y fcq/-(7.28)
The to tal energy and mom entum of th e system are therefore given by m J 'F * (x )'F (x )# x , P = wJ'F*(x) y 1F ( x ) # x .
(7-29)
The corresponding one-particle operators, according to (7*22 are H and H y, or by (7*17) , H and p. This result is a check on the consistency of the scheme under discussion.
The corresponding results for the one-particle angular m om entum tensor are The expressions for x, Z and § are easily deduced from (2*18), (2*19), (4*1) and (4*2). They are
Apart from the extra imaginary termp in the mass-centre, it will be seen tha-t there is a strong similarity with the results for the electron.
The imaginary term would have been absent if (7,22d) had been chosen as the connexion between A and A , instead of (7*22
One may therefore ignore it if one appropriately chooses the normalizing condition for xjr.
The above results are applicable as they stand both to particles of spin 0 and spin h. Clearer insight into their meaning is obtained by evaluating their matrix representa tion for the two cases. For this purpose it is useful to multiply the expressions on the right by (1 -Q)\this gives the same physical observables and suppresses t irrelevant linear operations on non-admissible wave functions.
For particles of spin 0 the /^-matrices have five rows and columns; they are given explicitly by Kemmer (1939) . I t is easily calculated th at S ,E , S vanish identically, in accordance with the absence of spin, and therefore q, X and <J are all equal; and it is a simple m atter to write down the expression for the latter, but we shall not do so here. For spin ft the ^-matrices have ten rows and columns. I t is easily verified th at the matrices representing the components of S have the eigenvalues ft, 0 and -ft, and th at Sa reduces the 2ft2.
Another possible approach to the study of the states and observables of a single particle is to start with a Fourier analysis of T(x). There are two or six independent Fourier components associated with exp (ik .x ) for spin 0 and ft respectively, connected with positive particles of momentum ftk (as annihilation operators) and with negative particles of momentum -ftk (as creation operators). The two types of charge can be separated by a simple linear transformation (e.g. Pauli & Weisskopf J934» equation (27); Kemmer 1938, equation (21)), leaving one or three independent components for each type of particle, and having the transformation properties of a scalar or a vector, respectively, under space-rotations. Associated with each such operator is an eigenstate of linear momentum, which may be normalized and used as, the basis of a representation (the states in the vector case are mutually orthogonal) in whi<?h the momentum is diagonal. There is no ambiguity about the relative phases of the eigenvectors, since they can be fixed by the creation operators (Fourier components) operating on the zero state.
One may then define a co-ordinate operator P. Its components obviously commute with one another. I t can be verified th a t in both cases this operator is identical with the observable <|, and th a t for the vector case (spin ft) § is represented by the matrices
operating on the three components of the wave function.
The foregoing analysis has dealt w ith charged particles. I t m ay, however, be applied to neutral particles w ith very little change in th e argum ent. T is then H erm itian, being th e sum of creation and annihilation operators for the same particle instead of for particles of opposite charges. T (x ) no longer commutes w ith Y (x '). This introduces a factor 2 in the left side of equation (7*20), the consequences of which can be elim inated by normalizing T in such a way th a t a factor 1/2 appears in the right side of (7*19). T** m ust of course be replaced by T wherever it occurs. The operators A m ust be chosen sym m etrical (not only H erm itian), if irrelevant expressions are to be avoided.
Photons
The application of the foregoing ideas to particles of zero rest-mass presents some special features. The vectors q and S are given directly in term s of th e Lorentz operators and, provided the energy is never zero, are always definable. B u t the factor m-2 occurs in the definition o f X a n d S , (2*15), (2*17), and the factor ra-1 in the defini tion of q and S, (4-lc), (4*2). They are therefore n o t definable when m is zero.
The analysis of observables of photons can be carried out in a m anner analogous to th a t for particles of spin ft, since th e equations of the electromagnetic field are in m any ways similar to their wave equation. The analysis of the previous section cannot be taken over directly, however, as.the equations become degenerate in th e lim it m ->0.
The electromagnetic field can be described by specifying the six components of the electric and magnetic fields, & and . The four potentials are not uniquely defined and are irrelevant to the present purpose. One may therefore group the six field components into one six-component field quantity, O. I t is rather more convenient to divide by ^(8n) for the purpose of normalization, and this will be assumed. One may further associate with the state of a photon a six-eomponent wave function, <p, satisfying the same wave equation, namely Maxwell's equations in operator form.
From the point of view of relativistic quantum mechanics the only 'position vector ' th a t has much interest is the one which is relativistically covariant, nam ely, X. The fact th a t its components do n o t commute leads to an uncertainty in their simultaneous m easurement of order ftlmc. This is related to the fact th a t localization of particles within a smaller region leads to uncertainties in kinetic energy of th e am ount needed for pair creation; b u t the connexion is not so direct th a t one could deduce the necessity of the uncertainty from th e possibility of pair creation alone, for in the particular case of particles w ith no spin the components of X com mute and perfect localization w ithout pair creation is in principle possible.
No attem p t has been m ade to consider one-particle observables when th e in ter actions with other types of field are taken into account, as the num ber of particles is then not constant and the concept of one-particle observables is difficult to define. I t is possible, however, th a t a useful generalization to m otion in a constant electro magnetic field exists.
A ttention has been directed prim arily to the position co-ordinates, b u t one could also consider the closely related particle densities, given, when the co-ordinates X commute, by ££(x -X). Such an expression can indeed be formed w ith q, b u t its properties under Lorentz transform ation are far from simple. I t is also possible to generalize the delta-function for non-commuting X. One such possibility is (2'T)-3J fJ e x p [i § . ( x -X)]# ? , which reduces to the delta-function if th e components of X commute. W ith this definition the densities a t different points do n ot commute, corresponding to th e uncertainty of position of order of m agnitude ftlmc. Le Couteur (1948) has recently studied particle densities in meson theory.
